We prove a Radon-Nikodym type theorem for completely positive maps, (u, u )-covariant with respect to the dynamical system (G, η, X) on Hilbert C -modules.
Introduction
The study of completely positive maps is motivated by applications of the theory of completely positive maps to quantum information theory, where operator valued completely positive maps on C -algebras are used as a mathematical model for quantum operations, and quantum probability. A completely positive map ϕ : A → B of C -algebras is a linear map with the property that [ϕ(a ij )] n i,j=1 is a positive element in the C -algebra M n (B) of all n × n matrices with entries in B for all positive matrices [(a ij )] n i,j=1 in M n (A), n ∈ N. Stinespring [10] shown that a completely positive map ϕ : A → L(H) is of the form ϕ(·) = S π(·)S, where π is a -representation of A on a Hilbert space K and S is a bounded linear operator from H to K. Today the theory of completely positive maps on Hilbert C -modules is a vast area of the modern analysis (see [2, 3, 5, 6, 8, 9] ). The aim of this notes is to continue this kind of investigations and prove the covariant version of Radon-Nikodym type theorem for a G-covariant completely positive maps on Hilbert C -modules.
Preliminary
The goal of this section is to introduce some basic definitions and facts. General information on Hilbert C -modules the reader can find in [7] .
Hilbert C -modules are generalizations of Hilbert spaces and C -algebras. A Hilbert C -module E over a C -algebra A (or a Hilbert A-module) is a linear space that is also a right A-module, equipped with an A-valued inner product ·, · that is C-linear and A-linear in the second variable and conjugate linear in the first variable such that A is complete with the norm x = x, x 1 2 . If the closed bilateral -sided ideal E, E of A generated by { x, y : x, y ∈ E} coincides with A, we say that E is full. Given two Hilbert spaces H and K, the Banach space L(H, K) of all bounded linear operators from H to K has a canonical structure of Hilbert C -modules over L(H) with the right module action given by T · S = T • S for T ∈ L(H, K) and S ∈ L(H) and the inner product given by
A representation of Hilbert C -module E on the Hilbert spaces H and K is a map π E : E → L(H, K) with the property that there is a -representation π A of A on the Hilbert space H such that
denotes the closed subspace of a Hilbert space Z, generated by the subset X ⊂ Z). Two representations
for every x, y ∈ E.
Suppose that G is a locally compact group. A continuous action of G on a full Hilbert C -module E is a group morphism t → η t from G to Aut (X), the group of all isomorphisms of Hilbert C -modules from E to E, such that, the map t → η t (x) is continuous for each x ∈ E. The triple (G, η, E)) is called a dynamical system on Hilbert C -modules E.
Let t → u t and t → u t be unitary representations of G on the Hilbert spaces H and K. A completely positive map Φ :
, where H and K are Hilbert spaces, π E : E → L(H, K) is a representation of the E on H and K, v : G → U (H) and w : G → U (K) are unitary -representations G on H and K respectively, and
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Let E be a full Hilbert C -module over a C -algebra A, let H and K be Hilbert spaces, and let C G (V, L(H, K)) be the set of the all completely positive maps Φ : V → L(H, K) (u,u')-covariant with respect to the dynamical system (G, η, E).
Any continuous action t → η t of G on E induces a unique continuous action α
The relation defined above is an equivalence relation on C G (E, L(H, K)).
Lemma 3.2. Let A be an unital C -algebra, E be a Hilbert C -module over A, H, K be a Hilbert spaces, and Φ, Ψ ∈ C G (E, L(H, K). Then Φ ∼ Ψ if and only if their Stinespring constructions are unitarily equivalent.
Proof. The first part of the assertion is obvious. Let us prove the converse assertion. Let Ψ ∼ Φ and let (w
be the covariant Stinespring constructions associated with Φ and Ψ respectively. Since Φ(x)Φ (x) = Ψ(x)Ψ (x) , then ϕ( x, x ) = ψ( x, x ) for every x ∈ E. Taking into account that [{ x, x :
Let us show that U 2 π Φ (x) = π Ψ (x)U 1 , for every x ∈ E. Indeed
for every a ∈ A and h ∈ H. Since [π ϕ (A)S Φ H] = H Φ the assertion is proven. Taking into account that
for every x 1 , . . . , x n ∈ E, h 1 , . . . , h n ∈ H, n ∈ N we have L(H, K) ). We say that Φ is dominated by Ψ, denoted by Φ Ψ, if Φ(x), Φ(x) ≤ Ψ(x), Ψ(x) for every x ∈ E. The following conditions hold:
3) If Φ Ψ and Ψ Φ, then Ψ ∼ Φ, for every Φ, Ψ ∈ C G (E, L(H, K)) . For a representation π E : E → L(H, K) of E on the Hilbert spaces H and K, the set
is a C -algebra called the commutant of E (see [1] , Lemma 4.3). Let π E : E → L(H, K) be a covariant representation of (G, η, E) on the Hilbert spaces H and K, t → u t and t → u t be unitary -representations of G on H and K respectively. The the set
is called G-commutant of π E (E) and denoted by (π E (E) ) G . Lemma 3.3. Let A be a unital C -algebra, E be Hilbert C -module over A, H, K be Hilbert spaces, G be a locally compact group, and π E : E → L(H, K) be a covariant representation of E. Then (π E (E) ) G is a C -algebra.
is also a C * -algebra. Now, we may write (π E (E) ) G = A ∩ π E (E) . The intersection is not empty, since it is contains the C * -algebra, generated by the identity operator
is nondegenerate covariant representation of the Hilbert C -module on H and K, u : G → U (H) and u :
Proof. If the operator T is given, then a relation
Now we need the following auxiliary lemma.
Proof. For every x, y ∈ E we have
So, the map Φ T ⊕N is ϕ T 2 -completely positive. Taking into account that π Φ : A → L(H) is G-covariant, and by the Theorem 2.1 we may write
The G-covariant completely positive map associated to T ⊕ N is ϕ T 2 .
The following theorem is the main result of the article. 
be a covariant Stinespring constructions, associated with Φ and Ψ respectively.
, where ∆ 1 = R R and ∆ 2 = Q Q. For every x ∈ E the following equalities valid
The same is true for conjugate operator
Finally we have ∆
and
Since the representation π Φ is nondegenerate, we deduce ∆ 1 = T and ∆ 
